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Quantum corrections to nonlinear ion acoustic wave with Landau damping have been computed
using Wigner equation approach. The dynamical equation governing the time development of non-
linear ion acoustic wave with semiclassical quantum corrections is shown to have the form of higher
KdV equation which has higher order nonlinear terms coming from quantum corrections, with the
usual classical and quantum corrected Landau damping integral terms. The conservation of total
number of ions is shown from the evolution equation. The decay rate of KdV solitary wave ampli-
tude due to presence of Landau damping terms has been calculated assuming the Landau damping
parameter α1 =
√
me/mi to be of the same order of the quantum parameter Q = ~
2/(24m2c2sL
2).
The amplitude is shown to decay very slowly with time as determined by the quantum factor Q.
I. INTRODUCTION
The study of plasmas, is in general limited to the domain of classical physics where temperature is high and particle
density is low. In recent years, the study of plasmas such as dense astrophysical plasmas [1], laser plasmas [2] as
well as miniature electronic devices that are under extreme physical conditions requires [3],[4] quantum mechanical
effects to be taken into account. In such systems, the scale length becomes comparable to the particle de Broglie
wavelength rendering classical transport models unsuitable and quantum mechanical effects to be relevant. In broad
aspect there are mainly two approaches to model quantum plasmas which are quantum hydrodynamic approach[5],[6]
and quantum kinetic approach[7] i.e, Wigner equation approach. The plasma fluid equations with the inclusion of
quantum diffraction and statistical pressure effects give rise to new physical phenomena in the context of linear
and nonlinear waves and instabilities. Haas[8] et al. have examined quantum quasilinear plasma turbulence using
quasilinear equation derived from Wigner-Poisson system.
The quantum fluid equations being macroscopic in nature are relatively simple and are easily accessible for nonlinear
calculations. However, working with such macroscopic models leads to loss of understanding in the situations where
single particle effects like Landau damping are important and which can be explored by moving into a kinetic picture.
The kinetic description of plasma possessing quantum mechanical features is provided by the Wigner equation that can
be considered as the quantum analogue of the Vlasov equation. It describes the evolution of the quantum mechanical
phase space distribution function given by the Wigner-Moyal distribution and can be a useful tool to look into the
microscopic nature of the system. The Wigner function is called quasi-distribution as it can have negative values
although its velocity moments give rise to various physical variables such as density, current etc. Gardner[9] derived
the full three-dimensional quantum hydrodynamic (QHD) model for the first time by a moment expansion of the
Wigner-Boltzmann equation.
So far nonlinear problems like KdV equation and BGK modes have been tackled successfully in classical plasma.
Recently, Lange et al.[10] have provided a generalization of the classical BGK modes by obtaining a solution of the
stationary Wigner-Poisson equation. In this work we have attempted to look into the quantum KdV problem in the
semi-classical limit. For a classical plasma [11] Ott and Sudan have modeled nonlinear ion acoustic wave in a kinetic
picture taking the mass of electron into account. They obtained a KdV equation together with a Landau damping
term as an evolution equation for the ion acoustic wave. In order to explore the quantum corrections to the nonlinear
evolution of an ion acoustic wave in presence of Landau damping terms we have to replace the Vlasov equation by
the Wigner equation. In this article we have tried to investigate, in the semiclassical limit, the quantum corrections
to nonlinear ion acoustic wave with Landau damping. We have derived a higher order KdV equation which has
higher order nonlinear quantum corrections with the usual classical Landau damping term and a term containing the
quantum corrections due to Landau damping as the dynamical evolution equation. The equation converges to the
same equation as derived by Ott and Sudan in the classical limit i.e, when ~ tends to zero. The equation shows some
features like conservation of total ion number , decay of initial waveform due to Landau damping etc. In the next
stage we have carried out the perturbative approach of Bogoliubov and Mitropolsky to get the decay nature of KdV
solitary wave amplitude. For this purpose we have assumed the Landau damping parameter α1 to be of the order of
the quantum factor Q. The procedure reveals that the amplitude decays inversely with the square of time depending
on the factor Q.
The paper is organized in the following manner. In section-II the derivation of the evolution equation of ion acoustic
wave with the Landau damping term and the quantum corrections is given. Some relevant properties of this higher
2order kdV equation are discussed in section-III. Subsection III-A discusses the conservation of total number of ions.
The Bogoliubov- Mitropolsky perturbation approach with the condition α1 ≈ Q and the decay nature of the KdV
solitary wave is given in subsection III-B. The conclusive remarks are given in section-IV.
II. DERIVATION OF THE DYNAMICAL EQUATION
The Wigner distribution function is a function of the phase-space variables (x, v) and time, which, is given by N
single particle wave function ψα(x, t) each characterized by a probability Pα satisfying
∑N
α=1 Pα = 1.
It is given as,
f(x, v, t) =
N∑
α=1
m
2π~
Pα
∫
∞
−∞
ψ∗α(x+ λ/2, t)ψα(x− λ/2, t)e
imvλ
~ dλ, (1)
where m is the mass of the particle. The Wigner function follows the following evolution equation called the Wigner
equation
∂f
∂t
+ v
∂f
∂x
+
em
2iπ~2
∫∫
[φ(x + λ/2)− φ(x − λ/2)]f(x, v′, t)e imλ(v−v
′)
~ dλdv′ = 0, (2)
where ~, φ are the reduced Planck’s constant and self- consistent electrostatic potential. Considering semi-classical
limit, we develop the integral upto O(~2) and neglect all higher order terms containing ~ to obtain
∂f
∂t
+ v
∂f
∂x
+
e
m
∂φ
∂x
∂f
∂v
− ( e~
2
24m3
)
∂3φ
∂x3
∂3f
∂v3
= 0 (3)
We can see from (3) that the Vlasov equation is recovered in the limit ~→ 0.
In our work, we consider a situation where ions are cold (Ti = 0) and electrons have finite temperature and the
quantum effects are relevant for electrons only. Therefore, we consider the usual fluid equations for describing the
dynamics of ions and the Wigner equation for describing the electrons.
Hence in this case the relevant normalized system of one-dimensional equations are -
∂n
∂t
+
∂(nu)
∂x
= 0, (4)
which is the continuity equation for ions. The momentum conservation equation for the ions is given by
∂u
∂t
+ u
∂u
∂x
= −∂φ
∂x
, (5)
(
λD
L
)2
∂2φ
∂x2
= ne − n, (6)
which is the Poisson’s equation appropriate for the description of dispersive ion acoustic waves. The electron number
density if obtained as the velocity space average of the single particle distribution function f
ne =
∫
∞
−∞
fdv, (7)
that is described by the Wigner equation in the semiclassical limit
(
me
mi
)
1
2
∂f
∂t
+ v
∂f
∂x
+
∂φ
∂x
∂f
∂v
−Q∂
3φ
∂x3
∂3f
∂v3
= 0, , (8)
where ne, n, u are the electron number density, ion number density and ion velocity respectively, λD =
√
KTe/4πn0e2
is the Debye Length, L is the characteristic length for variations of n, u, φ, ne, f and Q is the quantum parameter
= ~2/24m2c2sL
2.
Here the following normalization scheme has been used :
x =
x˜
L
, t =
c0t˜
L
, v =
v˜
cs
, φ =
eφ˜
KBTe
, n =
n˜
n0
, f =
f˜
n0
, u =
u˜
c0
, (9)
3where c0 is the ion acoustic sound speed =
√
KTe/mi, cs is the electron thermal velocity =
√
KTe/me , n0 is the
ambient number density of electrons (ions) and Te is the electron temperature.
As in case of [11], here also three basic parameters enter into the problem which are parameters due to Landau
damping by electrons, measure of nonlinearity and measure of dispersive effects. In this calculation we do not neglect
the electron to ion mass ratio and since Ti = 0, the Landau damping is provided solely by electrons. We consider all
these three effects i.e., Landau damping, nonlinearity and dispersion to be small but of the same order of magnitude.
1)
√
(me/mi) = α1ǫ, effect due to Landau damping by electrons.
2)△ n/n0 = α2ǫ, measure of the strength of nonlinearity.
3) (λD/L)
2 = 2α3ǫ, measure of strength of dispersive effects.
Here ǫ is smallness parameter. As is the usual mathematical procedure we transform our co-ordinates to a moving
frame with a stretched time as
ξ = x− t, τ = ǫt, (10)
and expand the dependent variables for small nonlinearity as
n = 1 + α2ǫn
(1) + α22ǫ
2n(2) + ...,
u = α2ǫu
(1) + α22ǫ
2u(2) + ...,
φ = α2ǫφ
(1) + α22ǫ
2φ(2) + ...,
ne = 1 + α2ǫn
(1)
e + α
2
2ǫ
2n(2)e + ...,
f = f (0) + α2ǫf
(1) + α22ǫ
2f (2) + ... (11)
Considering semiclassical limit, the form of f (0) is chosen as
f (0)(v) =
1√
2π
exp (
−v2
2
) (12)
Substituting Eqns. (10), (11), (12) in (4)-(8) and equating coefficients of ǫ, ǫ2 to zero we get first and second order
equations which need to be solved.
A. ǫ order calculation:
From Eqns (4)-(6) we get
∂n(1)
∂ξ
=
∂u(1)
∂ξ
=
∂φ(1)
∂ξ
, n(1) = n(1)e (13)
From equation (8) we get
v
∂f (1)
∂ξ
= v
∂φ(1)
∂ξ
f (0) +Q
∂3φ(1)
∂ξ3
(3v − v3)f (0), (14)
which yields
∂f (1)
∂ξ
=
∂φ(1)
∂ξ
f (0) +Q
∂3φ(1)
∂ξ3
(3 − v2)f (0) + λ(ξ, τ)δ(v), (15)
where δ(v) is the Dirac delta function and λ(ξ, τ) is an arbitrary function of ξ, τ . Here also the problem of non-
uniqueness arises as in case of [11],[12] which can be removed by taking a τ derivative term from higher ǫ order. Thus,
we write
(α1ǫ
2)
∂f
(1)
ǫ
∂τ
+ v
∂f
(1)
ǫ
∂ξ
= v
∂φ(1)
∂ξ
f (0) +Q
∂3φ(1)
∂ξ3
(3v − v3)f (0), (16)
where the first term of (16) has been taken from order ǫ3 equation. Once f
(1)
ǫ is known, f (1) can be determined
uniquely by :
f (1) = lim
ǫ→0
f (1)ǫ (17)
4We introduce Fourier transform in ξ and τ as
f̂
(1)
ǫ (ω, k) =
1
2π
∫
∞
ξ=−∞
∫
∞
τ=0
f (1)ǫ (ξ, τ) exp[i(ωτ − kξ)]dξdτ (18)
Now ,
̂
(
∂f
(1)
ǫ
∂ξ
)(ω, k) = (ik)f̂
(1)
ǫ (ω, k), (19)
and
̂
(
∂f
(1)
ǫ
∂τ
)(ω, k) = −(iω)f̂ (1)ǫ (ω, k)− 1
2π
∫
∞
ξ=−∞
exp[−ikξ]f (1)ǫ |τ=0dξ, (20)
and
∂̂3φ(1)
∂ξ3
(ω, k) = (−ik3)φ̂(1)(ω, k) (21)
Now applying these Fourier transforms on (16), letting ǫ→ 0 and using
lim
ǫ→0
1
(kv − ωα1ǫ2) = P (
1
kv
) + iπδ(kv) (22)
we get,
f̂ (1)(ω, k) = φ̂(1)(ω, k)f (0) −Qk2(3 − v2)φ̂(1)(ω, k)f (0), (23)
where P is the principal part of the integral. Taking inverse Fourier transform we get the form of f (1) as,
f (1) = φ(1)f (0) +Q(3− v2)∂
2φ(1)
∂ξ2
f (0) (24)
The first term of (24) is same with the classical case whereas the second term is the quantum correction term. Thus
the procedure yields that λ(ξ, τ) appearing in (15) is zero.
B. ǫ2 order calculation:
From equations (4)- (6), we can obtain in a straightforward way,
2
∂n(1)
∂τ
+ 3α2n
(1) ∂n
(1)
∂ξ
+ 2α3
∂3n(1)
∂ξ3
= α2
∂
∂ξ
(n(2)e − φ(2)) (25)
From equation (8) we get,
(α1ǫ
2)
∂f
(2)
ǫ
∂τ
+ v
∂f
(2)
ǫ
∂ξ
− vf (0) ∂φ
(2)
∂ξ
−Q∂
3φ(2)
∂ξ3
∂3f (0)
∂v3
= C(ξ, τ, v), (26)
where the τ derivative term is taken from ǫ4 order and terms which are product of quantum term and second order
perturbation term are neglected as small compared to other terms. Here C(ξ, τ, v) is defined as
C(ξ, τ, v) = [Ca(ξ, τ) + Cb(ξ, τ)v + Cc(ξ, τ)v
2 + Cd(ξ, τ)v
3]f (0), (27)
where
Ca(ξ, τ) = (
α1
α2
)[
∂φ(1)
∂ξ
+ 3Q
∂3φ(1)
∂ξ3
] (28)
5Cb(ξ, τ) = [φ
(1) ∂φ
(1)
∂ξ
+ 5Q
∂2φ(1)
∂ξ2
∂φ1
∂ξ
+ 3Qφ(1)
∂3φ(1)
∂ξ3
] (29)
Cc(ξ, τ) = −Q(α1
α2
)[
∂3φ(1)
∂ξ3
] (30)
Cd(ξ, τ) = [−Q∂
2φ(1)
∂ξ2
∂φ1
∂ξ
−Qφ(1) ∂
3φ(1)
∂ξ3
] (31)
Introducing Fourier transform in (26) and letting ǫ tends to zero we get,
f̂ (2)(ω, k)− f (0)φ̂(2)(ω, k) = −iĈa[P ( 1
kv
) + iπδ(kv)]f (0) − ivĈbP ( 1
kv
)f (0)
−iv2ĈcP ( 1
kv
)f (0) − iv3ĈdP ( 1
kv
)f (0) (32)
Multiplying by (ik) and integrating over v yields
ikn̂(2) − ikφ̂(2) = i
√
π
2
Ĉasgn(k) + Ĉb + Ĉd, (33)
where we have used kδ(kv) = sgn(k)δ(v).
Now taking inverse Fourier transform of equation (33) we obtain,
∂
∂ξ
(n(2) − φ(2)) = Cb + Cd − 1√
2π
[P
∫
∞
−∞
(
α1
α2
)
∂n(1)
∂ξ′
dξ′
ξ − ξ′ + P
∫
∞
−∞
(
3Qα1
α2
)
∂3n(1)
∂ξ′3
dξ′
ξ − ξ′ ], (34)
Now using (25) and (34) we get finally,
∂n(1)
∂τ
+ α2n
(1) ∂n
(1)
∂ξ
+ α3
∂3n(1)
∂ξ3
−Qα2 ∂
∂ξ
[
∂n(1)
∂ξ
]2 −Qα2n(1) ∂
3n(1)
∂ξ3
+
α1√
8π
[P
∫
∞
−∞
∂n(1)
∂ξ′
dξ′
(ξ − ξ′) ] +
3α1Q√
8π
[P
∫
∞
−∞
∂3n(1)
∂ξ′3
dξ′
(ξ − ξ′) ],= 0
(35)
which is the main equation of interest of this work. This equation implies the evolution equation of motion of
nonlinear ion acoustic wave taking into account the Landau damping effect with quantum corrections arising from
semiclassical kinetic approach i.e, the Wigner equation approach. The fourth and fifth terms of (35) are nonlinear
quantum corrections and the last term of the LHS is the quantum correction on the Landau damping. We can see
that the equation converges exactly to the equation derived by Ott and Sudan [11] in the limit ~→ 0. The equation is
like a higher order KdV equation which have higher order nonlinear quantum correction terms and Landau damping
term with its quantum correction. Due to the nature of the equation we can show that it conserves total number of
particles. The presence of Landau damping terms also assure that the amplitude of soliton must decay with time.
These relevant facts are derived in the next section.
III. SOME RELEVANT PROPERTIES
A. Conservation of ion number
The equation (35) is the higher order KdV equation with Landau damping terms. Integrating (35)w.r.to ξ and
assuming n(1), ∂n(1)/∂ξ, ∂2n(1)/∂ξ2 = 0 at ξ = ±∞ and renaming n(1) = U , we can show that
∂
∂τ
∫
∞
−∞
Udξ = 0 (36)
Here we have used the fact that
P
∫
∞
−∞
dξ
ξ − ξ′ = 0 (37)
Hence ion number is conserved.
6B. Decay of solitary wave
Ott and Sudan in their paper [11, 16] considered α1 to be a small perturbation parameter and used the fact that due
to Landau damping the amplitude of KdV solitary wave will decrease with time. Then using Bogoliubov- Mitropolsky
[15] approximation method they found the decay rate of amplitude, which depends on the small parameter α1 . In
(35),we see that there are higher order KdV terms with Landau damping term and its quantum correction. But
since exact Sech- solitary wave solution of a general higher order KdV equation of above form is possible only when
(coefficient of the term ∂U∂ξ [
∂U
∂ξ ]
2) = -2 (coefficient of the term U ∂
3U
∂ξ3 ), which is not present in (35), hence the exact
solitary wave solution of the higher order KdV equation and its decay due to Landau damping terms cannot be worked
out here. Also it can be seen that (35) contains 2 small parameters α1 and Q where α2, α3 are assumed to be ≈ 1.
Hence in the subsequent part of the work, the quantum correction terms and the Landau damping term are treated as
perturbation term to the KdV equation. But since perturbation with multiple small parameters will include multiple
time scales in the calculation, hence it will be too complicated to be computed analytically. In order to simplify
the case and find out the nature of decay of the KdV solitary wave amplitude we will assume that α1 ≈ α2Q. For
example, in the case of hydrogen plasma α1 is approximately 0.025 and in [13, 14], the factor Q is taken to be equal
to be order of 0.01. Assuming this relation between small parameters we can consider that the quantum correction to
the Landau damping term which appears as the last term of (35) is α1 ≈ Q2, and hence it can be neglected as small
compared to the other terms.
Now we have to apply the well known method of Bogoliubov and Mitropolsky [11, 15, 16] with α2Q = C as small
perturbation parameter. Hence α1 can be taken as α1 = βC where β is any number ≈ unity. In order for the
perturbation analysis to be consistent with the condition of validity of (35) it is also required that 1 ≫ C ≫ ǫ.
Assuming a new phase co-ordinate to have the form
φ(ξ, τ) =
√
N(τ)α2
12α3
(ξ − α2
3
∫ τ
0
N(τ)dτ), (38)
where N(τ) is assumed to vary slowly with time.
We introduce two time scales following [15] as
t0 = τ, t1 = Cτ, (39)
and N = N(C, τ) and shall seek a solution of the form
U(φ,C, τ) = U0(φ, t0, t1) +O(C), (40)
where (40) is to be valid for long times,i.e., times as large as τ ∼ O(1/C). In order to find such a solution, valid for
long times, we first expand u(φ, τ, C) to O(C):
U(φ, τ, C) = U0(φ, t0, t1) + CU1(φ, t0) +O(C
2) (41)
Using (38), (39), (41) in (35) we get an equation containing different powers of C and equating coefficients of each
power of C we get different order equations which need to be solved.
Since we are interested in the damping of solitary waves, we have the following initial and boundary conditions:
U(φ, 0, C) = N0sech
2(φ),
U(±∞, τ, C) = 0 (42)
Solving the order unity equation which is
ρ
∂U0
∂t0
+
∂3U0
∂φ3
− 4∂U0
∂φ
+
12
N
U0
∂U0
∂φ
= 0, (43)
we get
U0(φ, t0, t1) = N(t1)sech
2(φ), (44)
where ρ = 24
√
3α3/(Nα2)
√
Nα2 and N(t1) is an arbitrary function of t1 except for the initial condition N(0) = N0.
Hence U0 doesn’t depend on t0.
The order C equation is
∂U1
∂t0
+ L[U1] =M [U0], (45)
7where
M [U0] = −∂U0
∂t1
− φ
2N
∂U0
∂φ
dN
dt1
+
1
(ρα3)
[
∂3U0
∂φ3
U0 + 2
∂U0
∂φ
∂2U0
∂φ2
]− β√
8π
[P
∫
∞
−∞
√
N(τ)α2
12α3
∂U0
∂φ′
dξ′
ξ − ξ′ ], (46)
L[U1] =
1
ρ
∂3U1
∂φ3
− 4
ρ
∂U1
∂φ
+
12
(Nρ)
∂(U0U1)
∂φ
(47)
Again the boundary and initial conditions are
U1(±∞, t0) = 0, U1(φ, 0) = 0 (48)
In order that (41) to be valid for times as large as τ ∼ O(1/C) it is required that U1(φ, t0) does not behave secularly
with t0. To eliminate secular behavior of U1 it is necessary thatM [U0] be orthogonal to all solutions, g(φ), of L
+[g] = 0
which satisfy (48)[i.e, g(±∞) = 0], where L+ is the operator adjoint to L given by,
L+ = −1
ρ
∂3
∂φ3
+
4
ρ
∂
∂φ
− 12
ρ
sech2(φ)
∂
∂φ
. (49)
The only solution of L+[g] = 0, g(±∞) = 0, is g(φ) = sech2(φ).
Thus, ∫
∞
−∞
sech2(φ)M [U0]dφ = 0 (50)
In order to evaluate this integral we have to consider term by term of (46). The first 2 terms of M [U0] together give
−dN/dt1 after integration. The third and fourth terms which come from the nonlinear quantum correction terms
give zero after integration due to the odd nature of the integrand. Finally the last term, i.e the Landau damping term
gives (2.92)−β(α2/
√
96πα3)N
√
N , where we have used that
P
∫
∞
−∞
∫
∞
−∞
sech2(φ)
∂(sech2(φ′))
∂φ′
dφ
dφ′
(φ− φ′) = (24/π
2)ζ(3) = 2.92 (51)
Thus we get a first order differential equation in N , solving which we get
N =
N(0)
[1 + (12β1α2QN(0)
( 12 ))τ ]2
, (52)
where β1 = (2.92)β
√
α2/96πα3.
From eqn (52) we see that the decay law of amplitude depends on the quantum factor Q. A full numerical
computation of (35) could reveal the total dynamical nature of the solution.
120 140 160 180 200
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FIG. 1: Decay of soliton amplitude with time when when Q = 0.01, N(0) = 1, α3 = 1, α2 = 6, and β = 1
8IV. CONCLUDING REMARKS:
In this work we have extended the methodology of the work of Ott and Sudan to include the semiclassical quantum
effects to obtain a new evolution equation in the context of a nonlinear ion acoustic wave. This equation is of the
form of a higher order KdV equation having higher order nonlinear terms as quantum corrections, together with a
classical Landau damping term as well as quantum contribution coming from resonant particle effects.
Using the fluid equations for ions and the classical kinetic Vlasov equation for electrons, Ott and Sudan obtained a
KdV equation with a Landau damping term as the evolution equation for the nonlinear ion acoustic wave. In order
to introduce the quantum corrections, the classical Vlasov equation is replaced by an appropriate quantum analog
i.e, the Wigner equation. In a similiar approach using the Wigner equation in place of the Vlasov equation gives
rise to our higher order KdV equation with Landau damping terms. The equation exactly converges to the equation
done in [11] when ~ tends to zero i.e, in the classical limit. The mathematical nature of the equation shows that it
conserves the total number of ions. The importance of the higher order KdV equation derived here, lies in the fact
that its solution would give the quantum modification of the KdV solitary wave. But unfortunately, exact solitary
wave solutions of this equation cannot be obtained. Since there are two small parameters in the equation, α1 and
Q, we treat the quantum corrections as well as the Landau damping terms as perturbation to the KdV equation. In
order to carry out the Bogoliubov and Mitropolsky approximation technique, multiple time scales stretched by these
small parameters have to be introduced. Such a technique is too complicated to comprehend analytically. Hence in
order to get a useful analytical result , we have assumed α1 ≈ Q. Hence, the quantum correction to Landau damping
term turns out to be of the order of Q2 and therefore neglected.
In the perturbative approach, the contribution to the decay rate coming from the nonlinear quantum correction
terms turns out to be zero because of the odd nature of the integrand. The final contribution to the decay of solitary
wave amplitude comes from the classical Landau terms, whose coefficient, due to the perturbation scheme, turns out
to be of the order of Q. The amplitude is shown to decay inversely with the square of time depending on the quantum
factor Q. In our final equation of decay rate no terms come from the quantum correction, i.e quantum nonlinear part
goes to zero when the integration over φ is performed and the quantum Landau damping terms being of order Q2 are
neglected. This is due to our chosen scheme, and application of perturbation scheme with multiple time scales could
give rise to solutions with more appropriate dependance on quantum effects. But the importance of the equation
cannot be turned down and could be the initiator of numerical computation that would reveal the entire dynamical
nature of the solution with the inclusion of quantum mechanical effect.
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